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ABSTRACT:: In this review, we consider the retrieval of surface profile
information from far-field light scattering measurements. First, we consider the
direct scattering problem and introduce the “thin phase screen model,” which
is sufficient to illustrate the methods considered. We then derive expressions
for the first few statistical moments of the scattered field, establishing their
dependence on the statistical properties of the surface, and providing the means
for their estimation. In the final part of our review, we consider the possibility
of estimating the surface profile function from far-field scattering data. Two
distinct cases are considered; the case in which complex amplitude data are
given, and the case in which only intensity data are available.
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1 Introduction

One of the main motivations for studying rough surface scattering problems
consists in the desire to obtain information about the surface. The information
obtained can be of a varied nature. One may be interested, for instance, on the
surface profile function, on the optical properties of the surface or, for random
surfaces, on some statistical parameter of the height fluctuations. These are all
inverse scattering problems. This chapter contains a review of some aspects of
this broad field.

To begin, we consider the interaction of an electromagnetic wave propagating
in air or vacuum with the irregular boundary of a homogeneous medium. The
response of the system, in the form of scattered light in reflection and transmis-
sion, depends on the nature of the incident field (polarization, and spatial and
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temporal characteristics), on the shape of the boundary, and on the frequency
dependent dielectric constant of the medium.

The incident field, as well as those reflected and transmitted, can be ex-
pressed as superpositions of plane waves. The linearity of the problem allows
us to concentrate on the response of the system to an elementary excitation,
in the form of a linearly polarized monochromatic plane wave. This response
is given by the scattering amplitudes in reflection Rαβ(q‖|k‖) and transmission
Tαβ(q‖|k‖), which represent the amplitudes of the plane wave components prop-
agating with parallel wavector q‖ in response to the excitation by a plane wave
with parallel wavevector k‖. Here parallel refers to the plane of the surface in
the absence of roughness. The subscripts α and β denote the linear polarization
components of the incident and scattered light in which the electric field is par-
allel (p) or perpendicular (s) to the plane of incidence, defined by the incident
wavevector and the normal to the surface.

The direct scattering problem consists in the determination of Rαβ(q‖|k‖)
and Tαβ(q‖|k‖) for a given geometry and optical properties of the media in-
volved. The classical approaches to solve the direct problem are described in
Ref. [1]. Reviews on recent progress can be found in Refs. [2]-[5]. One im-
portant inverse problem, consists in the reconstruction of the surface profile
function given these data. Optical detectors, however, are not sensitive to the
phase of the field, and respond only to its time-averaged power. The inverse
problem of recovering the surface profile function from intensity data is more
challenging. Work on both of these problems will be reviewed in this chapter.
We will only consider inverse problems with far-field data. Near-field scattering
problems are treated elsewhere in this book.

Often, the surface is not known in detail, and can only be specified in statis-
tical terms. The surface profile function is then considered to be a realization
of a zero-mean stationary random process. It is then clear that the scattered
fields are also random. Speckle theory deals with the statistics of these random
fields [6]. Most of the work on speckle has been done with simple, approximate
models for the interaction between the incident field and the surface. Rigorous
work, on the other hand, has concentrated mainly on the calculation of the
first few moments of the scattered field (e. g. 〈Rαβ(q‖|k‖)〉 or 〈|Rαβ(q‖|k‖)|2〉).
The inverse problem can consist, in this case, in the determination of a statisti-
cal property or parameter of the surface from an average property of the field.
Reviews on these aspects of the inverse problem are given in Refs. [7, 8].

To solve inverse scattering problems, one needs to solve first the direct prob-
lem. This can be solved either approximately or with rigorous computer simula-
tions. Our aim, in this review, is to provide a concise overview of the field. The
literature is rather extensive and we will not attempt to provide a comprehen-
sive account of this broad field. The review is organized as follows. In the first
section, we present a simple method to treat the direct problem. The thin phase
screen model will serve as the basis on which we illustrate the different inversion
schemes. We then survey some established scattering techniques to estimate the
standard deviation and the power spectral density of surface heights. The fol-
lowing two sections deal with the recovery of surface profile functions starting
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from far-field data. We consider first the case in which complex amplitude data
are available, and then the case in which the phase information is lost. Finally,
we present a brief discussion and our main conclusions.

2 The scattering amplitude

In this section, we consider the direct problem of the scattering of light by rough
surfaces. To simplify the presentation, we center our attention on the case of
surfaces with one-dimensional roughness. The discussion is based on a simplified
model to describe the interaction of light with the rough surface. The inversion
procedures surveyed here can all be illustrated with this model. Relevant more
rigorous results, and results for the case of two-dimensional surfaces will be
mentioned or referenced.

Since beams, or other more general fields can be expressed as superpositions
of plane waves, we consider that the surface is illuminated by a monochro-
matic plane wave of frequency ω. A time dependence of the form e−iωt is
assumed, but the explicit reference to it is suppressed. The medium of inci-
dence is vacuum, and the surface is characterized by its profile and its complex,
frequency-dependent dielectric functions ε(ω) or, equivalently, by its complex
refractive index nc =

√
ε(ω). The plane of incidence is the x1x3-plane, and the

one-dimensional surface is invariant along x2. Then, the scattering equations
for p-polarized light, characterized by the magnetic field vector H(x1, x3) =
(0,H2(x1, x3), 0), and for s-polarized light, characterized by the electric field
vector E(x1, x3) = (0, E2(x1, x3), 0), are decoupled.

The electromagnetic field in the vacuum region x3 > ζ(x1)max is given by
the sum of the incident plane wave and the scattered field:

ψ>(x1, x3) = ψinc(x1, x3) +
∫ ∞

−∞

dq

2π
R(q|k)eiqx1+iα0(q)x3 , (1)

where ψ>(x1, x3) = H>
2 (x1, x3) for p-polarized light and ψ>(x1, x3) = E>

2 (x1, x3)
for s-polarized light,

ψinc(x1, x3) = eikx1−iα0(k)x3 , (2)

and α0(q) = [(ω/c)2 − q2]
1
2 , with <e α0(q) > 0, =mα0(q) > 0. The scattering

amplitude R(q|k) determines the amplitude of the wave scattered from the state
with parallel wavenumber component k = (ω/c) sin θ0 into the state with parallel
wavenumber component q. The states with |q| < ω/c represent propagating
waves that are characterized by the scattering angle θs with q = (ω/c) sin θs.

The differential reflection coefficient (DRC), which is defined as the fraction
of the total flux incident onto the surface that is scattered into the angular
interval dθs about the scattering direction defined by the angle θs, is given by(

∂R

∂θs

)
=

1
2πL1

cos2 θs

cos θ0
|R(q|k)|2, (3)
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Figure 1: Illustration of the change in the optical path of a reflected ray upon
a vertical displacement of a scatterer.

where L1 denotes the length of the x1-axis covered by the surface. The calcu-
lation of R(q|k) is the central problem of rough surface scattering theory. We
next outline a simple approximate method to solve the direct problem.

2.1 The thin phase screen model.

A thin-phase screen may be visualized as a layer of negligible thickness that in-
troduces upon reflection (transmission) phase variations in the reflected (trans-
mitted) wave, without introducing any amplitude variations [9, 7]. We now
describe this approximate way of relating the height variations on the surface
with the phase variations in the reflected (transmitted) wave.

Consider the reflection geometry depicted in Fig. 1(a). An incoming wave,
traveling in a direction defined by the angle of incidence θ0, is incident upon the
scatterer, and is scattered in a direction defined by the angle θs. Suppose now
that both, the interface and the scatterer, are displaced vertically by a distance
ζ, as indicated in Fig. 1(b). We are interested in the phase difference introduced
by this vertical displacement. The extra length traversed by the light when the
scatterer is displaced is indicated with the short-dashed line segments in Fig.
1(b). Thus from the geometry shown in the figure we find that the change in
the optical path length due to this (negative) change in height is given by

φb − φa =
(ω
c

)
(cos θ0 + cos θs)ζ. (4)

Note that for a positive displacement the sign of the phase change must be
reversed. Thus, for a surface with height variations ζ(x1) (see Fig. 1(c)) the
random phase introduced upon reflection coincides with the result obtained
with the Kirchhoff approximation [10, 1].

For the transmission geometry we consider the situation depicted in Fig.
2(a). A scatterer is placed on the interface separating two semi-infinite media
with refractive indices nd and n0. The wave is incident from the dielectric
medium with refractive index nd in a direction given by the internal angle of
incidence θd. After interacting with the scatterer, the wave is scattered into the
medium (usually vacuum) with refractive index n0, in a direction defined by the
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Figure 2: Illustration of the change in the optical path of a transmitted ray
upon a vertical displacement of a scatterer.

angle of scattering θs. Suppose now that both the interface and the scatterer
are displaced vertically by a distance ζ. The segments that are responsible for
the phase difference are denoted by the short-dashed lines in Fig. 2(b). From
the figure we find that the optical path difference between these trajectories is
given by

φb − φa =
(ω
c

)
(nd cos θd − n0 cos θs)ζ. (5)

Often, in practical situations, the medium with index nd is terminated by a
lower flat interface with a medium of refractive index n0. That is, the sample
consists of a dielectric slab with a rough back surface [see Fig. 2(c)]. In such a
situation, one must write the internal angle θd in terms of the angle of incidence
θ0 on the slab using Snell’s law.

We can then conclude that, in the thin phase screen approximation, the
scattering amplitude is given by the following expression:

R(q|k) = A0

∞∫
−∞

dx1e
−iv1x1−iv3ζ(x1), (6)

whereA0 = ψ0κ0, ψ0 is the amplitude of the incident plane wave, κ0 is a constant
that accounts for the average reflectance or transmittance of the sample, and
v1 = (ω/c)[sin θs − sin θ0]. For a reflection geometry

v3 = (ω/c)[cos θ0 + cos θs], (7)

while for the case of transmission through a dielectric slab with a rough surface

v3 =
ω

c

nd

√
1−

(
n0

nd

)2

sin2 θ0 − n0 cos θs

 . (8)
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This simple model provides a useful relationship between the surface height
variations and the complex amplitude of the scattered field. The thin phase
screen model represents a good approximation when the surface has only lateral
features that are larger than the wavelength, small slopes, and does not produce
significant amounts of multiple scattering.

The analysis of the inversion schemes presented in the following sections
is based on the thin phase screen approximation. The model is adopted here
not only for simplicity, but also because it permits the analysis of a variety of
situations (like transmission and reflection geometries) in a unified way. The
extension of this model to two-dimensional surfaces is straightforward.

3 Estimation of statistical properties of surfaces

In many practical problems, the profile of the surface is not known and one
can only specify it in statistical terms. In dealing with the scattering of light
by random surfaces, one is faced with a problem of an electromagnetic nature,
compounded by the difficulties of modeling the statistical properties of the sur-
face.

In this section we first present a brief review of the usual statistical models
that characterize randomly rough surfaces. The surfaces are assumed planar
in the absence of the roughness, and can be classified as two-dimensional and
one-dimensional. In the former case, the departure of the surface from the plane
(assumed to be the plane x3 = 0) depends on both of the coordinates x1 and
x2 in that plane. In the latter case it depends on only one of the coordinates in
that plane, say x1. For consistency with the rest of the review, we present here
the case of one-dimensional surfaces. The two-dimensional case constitutes a
simple extension of these results.

It is normally assumed that the surface profile can be represented by a contin-
uos single-valued function of x1. The surface profile function is then considered
to be a realization of a stationary random process. Without loss of generality, it
can also be assumed to be a zero-mean process. Before considering the estima-
tion of the statistical properties of the surface, we present a phenomenological
description of the random scattered field and of the kind of averages employed.
We then proceed to evaluate the first few moments of the field and establish
their connection with the statistical properties of the surface.

3.1 Statistical characterization of random surfaces.

The n-order joint Probability Density Function (PDF) of surface heights is
denoted by

PZ(ζ1, ζ2, ..., ζj , ..., ζn),

where ζj = ζ(x(j)
1 ) denote the surface heights at specified points in space. The

characteristic function MZ(ω1, ..., ωn) is given by the n-order Fourier transform
of PZ(ζ1, ..., ζn).
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A complete description of a random process would involve knowledge of
the nth-order joint probability density function for all n (see, e.g. [11], p. 60).
Normally, only a partial description of the process is possible. In some cases, this
partial description is sufficient to solve a given scattering problem. For instance,
with the usual experimental geometries and the theories based on the Kirchhof
approximation or the thin phase screen model, knowledge of the second order
probability density function is enough to specify the scattered field in statistical
terms.

A basic quantity for the description of the random process is the two-point
height correlation function

〈ζ(x1)ζ(x′1)〉 = δ2W (|x1 − x′1|), (9)

where the angled brackets represent an average over an ensemble of realizations
of the surface, and

δ2 = 〈ζ2(x1)〉. (10)

The parameter δ represents the standard deviation or rms height of the surface.
The fact that the autocorrelation function W (|x1 − x′1|) depends on the coor-
dinates x1 and x′1 only through their difference is a reflection of the assumed
stationarity of ζ(x1).

It is also useful to introduce the Fourier integral representation of the surface
profile function,

ζ(x1) =
∫

dk

2π
eikx1 ζ̂(k), (11)

where k is a wave vector. For stationary surfaces, the two-point correlation of
the Fourier coefficient ζ̂(k) id given by

〈ζ̂(k)ζ̂(k′)〉 = 2πδ(k + k′)δ2g(|k|), (12)

where δ(k + k′) represents a delta function. The function g(|k|) appearing in
Eq. (12) is called the power spectrum of the surface roughness, and is defined
by

g(|k|) =
∫
dx1e

−ikx1W (|x1|) (13)

The power spectrum g(|k|) is a non-negative function of |k|, and is normalized
according to ∫

dk

2π
g(|k|) = 1. (14)

A common assumption made in scattering theory is that the surface profile
constitutes a realization of a Gaussian random process. For such processes, the
joint probability density functions are known to all orders (see [11], p. 82) and,
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Figure 3: Photographs showing the speckle patterns produced by the interaction
of light with a weak (a) and a strong (b) diffuser.

for zero-mean processes, are completely determined by the two-point height
correlation function.

Another common assumption in scattering work is that the correlation func-
tion W (|x1|) is also Gaussian:

W (|x1|) = e−x2
1/a2

. (15)

The parameter a is known as the correlation length of the surface.
Other kinds of correlation functions and power spectra have been considered,

including power law spectra and fractal surfaces (see e.g. [16]-[21]). On the other
hand, although many surfaces of practical interest have non-Gaussian statistics,
this problem has received less attention [12]-[15]. One of the chief difficulties in
theoretical studies of non-Gaussian random surfaces is that there are not many
random functions ζ(x) for which the n-order joint PDF is known.

3.2 The random field and its averages

When coherent light interacts with a reflecting randomly rough surface the
scattered field is also a (complex, in this case) random process. The reflected
light contains, in general, a component that travels in the specular direction,
and a diffuse component that can appear over the whole of the hemisphere. The
field associated with the specular component has the same form and propagation
behavior as the field reflected by a flat surface but, of course, since part of the
incident power is taken by the diffuse component, its power is diminished [see
Fig. 3(a)]. The diffuse component presents random intensity fluctuations; a
phenomenon called speckle [6]. This random field is usually characterized in
terms of averages and, at this point, it is worth discussing the nature of these
averages.

One possibility is to consider averages over an ensemble of statistically equiv-
alent surfaces. This kind of average is well-suited for theoretical work, but is
impractical in the majority of experimental situations. Possible exceptions to
this are surfaces that evolve with time and surfaces that are large enough to

8



permit experiments with several statistically equivalent sections. In both cases,
an ergodicity assumption must be invoked. In experimental work, one normally
works with a single realization of a surface and, to estimate the mean intensity,
the speckle fluctuations are smoothed by using a large area detector. Averages
are then taken over an angular region that, ideally, is small compared with the
angular extent over which the mean intensity varies, and yet, large compared
with the speckle fluctuations. An attempt to justify this assumed equivalence
has been given in Ref. [5].

In theoretical work, the mean intensity of the scattered light can be expressed
as the sum of the intensity associated with the average field, the so-called coher-
ent component, and another term that is called the diffuse component. Here,
the averages are taken over an ensemble of statistically equivalent surfaces.

The coherent component is normally associated with the specular component
and the incoherent component with the diffuse component. To our knowledge,
however, there is no formal proof of the circumstances under which this is true;
with non-stationary surfaces, one can find examples for wich this correspon-
dence does not hold. However, since in most practical cases this correspondence
appears to be valid, we assume it here for simplicity.

From Eq. (3), the mean differential reflection coefficient is given by〈
∂R

∂θs

〉
=

1
2πL1

ω

c

cos2 θs

cos θ0
〈|R(q|k)|2〉. (16)

Similarly, the coherent component is defined as〈
∂R

∂θs

〉
coh

=
1

2πL1

ω

c

cos2 θs

cos θ0
|〈R(q|k)〉|2

= δ(θs − θ0)R(θ0) , (17)

where we have assumed plane wave illumination and an infinite, stationary sur-
face. Here, R(θ0) represents the reflectivity (transmissivity) of the random sur-
face. For beams, R(θ0) represents the fraction of the incident power contained
in the coherent component:

R(θ0) =
∫ π/2

−π/2

〈
∂R

∂θs

〉
coh

dθs . (18)

The incoherent component is then defined as〈
∂R

∂θs

〉
incoh

=
1

2πL1

ω

c

cos2 θs

cos θ0

[
〈|R(q|k)|2〉 − |〈R(q|k)〉|2

]
, (19)

The visibility of the coherent component, i.e., its peak intensity in relation to
the diffuse component in the neighborhood of the specular direction depends on:
i) the size of the illuminated section of the surface, and ii) the standard deviation
of heights, δ. The power contained in the coherent component, however, is
independent of the size of the illuminmation and, for Gaussian processes at
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least, is determined solely by δ, providing a means for estimating this parameter
[22].

For the case of surfaces whose height variations are much smaller than the
wavelength, the angular shape of the diffuse component is related to the power
spectral density of the surface [23, 24]. For rougher surfaces, the relation be-
tween the angular distribution of the diffuse component and the statistics of
the surface is more complex. In the limit of surfaces with roughness parameter
δ >> λ, the angular distribution represents a map of the distribution of slopes
on the surface.

The speckle statistics convey very little information about the surface. Away
from the specular direction, the intensity fluctuations obey a universal law [25]
that is independent of the roughness parameters. The field correlation function
(which defines, among other things the average speckle size) is primarily deter-
mined by the shape of the illumination patch on the surface, and is also fairly
independent of the roughness parameters. On the other hand, the motion and
decorrelation of the speckle pattern as the angle of incidence is changed does
depend on the roughness [26, 27], and can indeed be used to estimate δ.

3.3 The coherent component

From Eq. (6), the average scattering amplitude can be written as

〈R(q|k)〉 = A0

∞∫
−∞

dx1e
−iv1x1〈e−iv3ζ(x1)〉. (20)

Since by assumption the surface is statistically stationary, the averaged quantity
in the integrand is independent of x1. Then, the average scattering amplitude
can be written in the form

〈R(q|k)〉 = 〈e−iv3ζ(x1)〉RF (q|k), (21)

where RF (q|k) is the scattering amplitude corresponding to a flat surface of
the same material. The term in angled brackets on the right hand side of this
expression can be calculated if the characteristic function associated with the
height fluctuations is known. For the case of Gaussian phase fluctuations

〈e−iv3ζ(x1)〉 = e−v2
3δ2/2, (22)

so that
|〈R(q|k)〉|2 = e−v2

3δ2
|RF (q|k)|2. (23)

Finally, normalizing the reflectivity of the rough sample by the reflectivity of a
flat surface we obtain the result

R(θ0)
RF (θ0)

= e−v2
3δ2
. (24)
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It should be mentioned that the same result is obtained for two-dimensional
surfaces, and with treatments based on the Kirchhoff approximation [22]. It is
also worth noting that the result represented by Eq. (24) is independent of the
form of the height correlation function and, thus, independent of the correlation
length. Departures from this result appear, gradually, as the lateral scale of the
surface becomes smaller than the wavelength [28].

Critical evaluations of several theoretical approaches the coherent reflectance
of randomly rough surfaces [29]-[31] indicate that, although the phase pertur-
bation theory [28] provides a more accurate result for the case a << λ, the
simple result given by expression (24) represents a good model for the reflectiv-
ity of a broad class of surfaces in the optical region of the spectrum. Equation
(24) provides, then, an established practical method for the estimation of δ
([7, 8, 32, 33]). Although the result is based on the assumption of Gaussian
height fluctuations, our experience indicates that the rms height of surfaces
that are clearly non-Gaussian (e.g. surfaces with skewed histograms of heights)
can still be estimated fairly stably by this method.

Nevertheless, we point out that it is possible to find or design surfaces whose
reflectivity will show substantial departures from Eq. (24). Consider, for exam-
ple, a surface with negative exponential statistics. Since 0 < ζ(x1, x2) <∞, the
points where ζ(x1, x2) = 0 must be turning points of the process and have zero
slope. The scattering from these specular points produces constructive interfer-
ence in the specular direction (i.e., the phases are not random). Not surprisingly,
for surfaces that belong to this statistical class, the coherent component cannot
be extinguished by increasing the rms height of the surface [13].

For Gaussian (or “Gaussian-like”) surfaces, as the rms height increases, the
coherent component will, at some point, be undistinguishable from the diffuse
background, precluding its measurement. In such circumstances, it is useful to
turn a reflective strong scatterer into a weak scatterer by working at a large
angle of incidence (i.e., reducing v3). For the case of transmission, on the other
hand, it is best to work in normal incidence and immerse the sample in a medium
of nearly the same refractive index.

3.4 The incoherent component

We first consider the case δ << λ. The exponential containing ζ(x1) in Eq. (6)
can be expanded in powers of this variable. Then, the quantity within square
brackets appearing in the expression for the incoherent component [Eq. (19)]
can be written in the form

〈∆I(q|k)〉 = |A0|2
〈∣∣∣∣∣∣

∞∫
−∞

dx1e
−iv1x1

[
−iv3ζ(x1)−

v2
3

2
ζ2(x1) + ...

]∣∣∣∣∣∣
2〉

≈ 2πL1|A0|2δ2g(|q − k|), (25)

where only the terms up to second order in the surface profile function have
been kept, and g(|q|) represents the power spectral density of surface heights.
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Then, the incoherent component of the mean differential reflection coefficient
can be written, approximately, as〈

∂R

∂θs

〉
incoh

= |A0|2
ω

c

cos2 θs

cos θ0
δ2g(|q − k|). (26)

This expression illustrates the fact that for weakly rough surfaces the angu-
lar scattering pattern provides a fairly direct map of the power spectral density
of the heights of the surface. The same conclusion can be reached using more
formal theories and two-dimensional surfaces [23, 24, 32, 33]. With small ampli-
tude perturbation, for instance, the incoherent component can be expressed as
the product of the power spectral density (a “surface factor”) and an “optical
factor” that has a cosine dependence on the angle of incidence, a cosine-squared
dependence on the angle of scattering, and also depends on the dielectric con-
stant of the surface and the polarization combination of the incident and scat-
tered waves [33]. Expressions for this optical factor for two-dimensional surfaces
can be found, for example, in Refs. [34, 35]. Measurements of the angular distri-
bution of the scattered light have become a standard method for characterizing
optical surfaces, such as polished or diamond-turned mirrors [32, 33].

The simple relationship between the power spectral density and the scatter-
ing pattern is, essentially, a single scattering approximation. It should be noted,
however, that even for surfaces with δ << λ, multiple scattering effects can be
significant [36]. An interesting approach to estimate the power spectral density
in the presence of multiple scattering, based on a reverse Monte Carlo method,
has been reported by Malyshkin et al. [37]

Consider now the case δ >> λ. The mean intensity 〈I(q|k)〉 = 〈|R(q|k)|2〉
can be written as

〈I(q|k)〉 = |A0|2
∞∫

−∞

dx1

∞∫
−∞

dx′1e
−iv1(x1−x′1)〈e−iv3[ζ(x1)−ζ(x′1)]〉. (27)

With the change of variables x′1 = x1 + u, we can write

〈I(q|k)〉 = |A0|2L1

∞∫
−∞

du e−iv1u g(u), (28)

where

g(u) = 〈e−iv3[ζ(x1)−ζ(x1+u)]〉. (29)

Due to the assumed stationarity of the surface, g(u) is independent of x1.
Since (ω/c)δ >> 1, we can employ the approximation

g(u) = 〈e−iv3uζ′(x1)〉, (30)

which is obtained by expressing the difference ζ(x1)− ζ(x1 + u) in Eq. (29) in
powers of u and retaining only the leading non-zero term. Since surface curva-
ture effects are neglected, this is called the geometrical optics approximation.
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This approximation leads to the result

〈I(q|k)〉 = |A0|2
2πL1

v3
Pζ′

(
v1
v3

)
, (31)

where Pζ′(x) represents the PDF of slopes on the surface. For the case of
reflection from a surface, the mean DRC is then given by〈

∂R

∂θs

〉
= |A0|2

cos2 θs

cos θ0[cos θ0 + cos θs]
Pζ′

(
sin θs − sin θ0
cos θs + cos θ0

)
, (32)

and for the important case of reflection from a Gaussian correlated, Gaussian
surface, one has〈

∂R

∂θs

〉
=

|A0|2√
2πσζ′

cos2 θs

cos θ0[cos θ0 + cos θs]
e
−
(

sin θs−sin θ0
cos θs+cos θ0

)2
/σ2

ζ′ , (33)

where σζ′ =
√

2δ/a is the standard deviation of slopes on the surface. Apart
from the angular prefactor, the scattering pattern constitutes a map of the prob-
ability density function of slopes of the surface. If, for instance, the rms height
δ is determined by an independent method, the far-field angular distribution of
the mean intensity can be used to determine the correlation length a.

For fully developed speckle patterns, the higher order intensity moments,
like 〈I2(q|k)〉, are determined by 〈I(q|k)〉, and provide no further information
on the scatterer.

3.5 Angular correlations

The evolution of speckle patterns produced by randomly rough surfaces as the
angle of incidence is changed does depend on the rms height. This information
is contained in the angular intensity correlation of the speckle pattern. Speckle
correlation techniques can used to estimate δ for cases in which the coherent
component is not detectable [26, 27].

Consider the amplitude correlation CR(q, k|q′, k′) = 〈R(q|k)R∗(q′|k′)〉. From
Eq. (6), we can write

CR(q, k|q′, k′) = |A0|2
∞∫

−∞

dx1

∞∫
−∞

dx′1e
−i[v1x1−v′1x′1]〈e−i[v3ζ(x1)−v′3ζ(x′1)]〉, (34)

where v′1 = q′ − k′ and, for the reflection geometry assumed in this subsection,
v′3 = α0(q′) + α0(k′). With the change of variable x′1 = x1 + u, we have

CR(q, k|q′, k′) = |A0|22πδ(v1 − v′1)

∞∫
−∞

dueiv′1u〈e−i[v3ζ(x1)−v′3ζ(x1+u)]〉. (35)
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The technique is particularly useful in cases in which 〈R(q|k)〉 is negligible
(i.e. when δ > λ). We then employ the geometrical optics approximation to
write 〈

e−i[v3ζ(x1)−v′3ζ(x1+u)]
〉

=
〈
eiv′3ζ′(x1)u]

〉 〈
e−i[v3−v′3]ζ(x1)

〉
, (36)

where ζ ′(x1) denotes the derivative of ζ(x1), and we have assumed that the
heights and slopes on the surface are uncorrelated. This is true for the case of a
Gaussian random process [1], which is assumed here. With the use of Eqs. (28)
and (30), the amplitude correlation can be written in the form

CR(q, k|q′, k′) =
2π
L1
δ(v1 − v′1) 〈I(q′|k′)〉 e−[v3−v′3]

2δ2/2. (37)

For a fully developed speckle pattern [25], the intensity covariance defined as
C∆I(q, k|q′, k′) = 〈I(q|k)I(q′|k′)〉 − 〈I(q|k)〉〈I(q|k)〉 can be expressed in terms
of the amplitude correlation (see e.g., [11], pag. 108):

C∆I(q, k|q′, k′) = |CR(q, k|q′, k′)|2. (38)

With the help of relations (4.1) in [38] and (24a) in [39], we can finally write

C∆I(q, k|q′, k′) = δ(q−k),(q′−k′)〈I(q′|k′)〉 e−[v3−v′3]
2δ2
. (39)

Expression (39) shows that, as the angle of incidence is changed, the speckle
pattern translates angularly according to the law (q−k) = (q′−k′) (the so-called
“memory effect”) and evolves or decorrelates through a factor that depends on
δ. This property forms the basis of a method for the estimation of the rms
height in the range 1µm< δ < 30µm [27].

4 Estimation of the surface profile from complex
amplitude data

In the last section we introduced a simple scattering theory and illustrated the
dependence of the first few statistical moments of the field on the statistical
properties of the surface and, in particular, on its rms height. In the rest of
the review, we deal with the recovery of the surface profile function starting
from monochromatic far-field data. We begin, in this section, with the simpler
problem of recovering the profile from amplitude data. It is assumed that angle-
resolved complex amplitude data are available for several angles of incidence.

Inverse scattering procedures requiere the solution of the direct problem.
Formal inversion schemes are based on approximate solutions of the direct scat-
tering problem. In contrast with the large body of literature on the direct
problem, only a few inversion schemes have been reported. An iterative algo-
rithm based on the Kirchhoff approximation has been proposed by Wombell
and DeSanto [40]. These authors have also studied an algorithm based on small
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amplitude perturbation theory [41]. Both of these algorithms consider data
corresponding to only one angle of incidence, and seem to work well when the
Kirchhoff approximation [40] or the small amplitude approximation [41] are
valid.

Algorithms that make use of data corresponding to several angles of incidence
have been proposed by Quartell and Sheppard [42, 43]. These algorithms are
inspired by the actions of a confocal microscope in a profiling mode [44, 45].
They are based on the Kirchhoff approximation and seem to be more robust
than the algorithms that use only a single angle of incidence. More recently,
an algorithm based on similar notions has been studied by Maćıas, Méndez and
Ruiz-Cortés [46]. This “wavefront matching algorithm” is reviewed here.

4.1 Inversion algorithm

As we have seen, for an incident plane wave [Eq. (2)], the response of the surface
can be characterized by the scattering amplitude R(q|k) [see Eq. (1)]. Let us
now consider a situation in which the surface is illuminated by a converging
beam. We can write the incident field as a Debye integral [47]

ψinc (x1 − ξ;x3 − η) =

∞∫
−∞

dk
2π
Pinc(k) eik(x1−ξ) e−iα0(k)(x3−η), (40)

where the parameters (ξ, η) are the coordinates of the point of convergence of
the beam, the pupil function Pinc(k) is assumed to be given by

Pinc(k) = rect
(

k

2kmax

)
, (41)

rect (x) represents the rectangle function, kmax = (ω/c) sin θ0m, and θ0m is the
maximum value attained by the angles of incidence.

Due to the linearity of the problem, it is clear that the scattered field
ψsc (x1, x3; ξ, η) can be written as a superposition of plane wave solutions:

ψsc (x1, x3; ξ, η) =

∞∫
−∞

dk
2π
Pinc(k)e−ikξ+iα0(k)η

∞∫
−∞

dq
2π
R(q|k)eiqx1+iα0(q)x3 .

(42)

In other words, if R(q|k) is known for all q and k, the response of the system to
an arbitrary incident field can be calculated.

Consider now a fictitious reference beam that arises from a diffraction-limited
spot centered on the point of convergence of the incident field (ξ, η). This
reference field is defined by the expression

ψref (x1 − ξ;x3 − η) =

∞∫
−∞

dp
2π
Pref(p) eip(x1−ξ) eiα0(p)(x3−η), (43)
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Figure 4: Illustration of the reference and scattered field in the reflection of a
focused beam; (a) mirror in focus, and (b) mirror out of focus.

where

Pref(p) = rect
(

p

2pmax

)
, (44)

pmax = (ω/c) sin θsm, and θsm is the maximum value considered for the angles
of the reference field. This angle will be identified with the maximum angle of
detection (or scattering).

The wavefront matching algorithm considers the interference between the
reference and scattered fields, integrated a plane above the surface. The inter-
ference term is given by twice the real part of the function

U (ξ, η) =

∞∫
−∞

ψsc (x1, x3; ξ, η) [ψref (x1 − ξ;x3 − η)]∗dx1. (45)

It is postulated that <e{U(ξ, η)} is an extremum when (ξ, η) = (x1, ζ(x1)).
The idea behind this is illustrated in Fig. 4, where we depict two different
situations; in Fig. 4(a), the focused beam is reflected by a flat, horizontal mirror
located on the focusing plane. In Fig. 4(b), on the other hand, the mirror
is located in an out-of-focus plane. The reference beam emanates from the
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point (x1, x3) = (0, 0). It is clear that in the first situation the wavefronts of
the reflected and reference beams have the same curvature (they are perfectly
matched), while in the second one the curvatures are different. At least from
an intuitive point of view, when the two fields are in phase, the interference is
constructive everywhere and the integral should be maximized. On the other
hand, when the wavefront curvatures are different, some cancellation occurs. In
this approximation, for a more general surface, the function <e{U(ξ, η)} should
also be a maximum when the coordinates of the focusing point (ξ, η) coincide
with a surface point.

Substitution of Eqs. (42) and (43) in Eq. (45) yields [46]:

U (ξ, η) =

∞∫
−∞

dk
2π

∞∫
−∞

dq
2π
Pinc(k)P ∗

ref(q)R(q|k)Φ(q, k|ξ, η), (46)

where
Φ(q, k|ξ, η) = e−i(k−q)ξ+i[α0(k)+α0(q)]η . (47)

The function U (ξ, η) can be visualized as some kind of potential that is obtained
through a double integral transform of the scattering amplitude R(q|k).

For the reconstruction of the surface profile function, the wavefront matching
algorithm searches of the extrema of the function

F (wm) (ξ, η) = 2<e{U (ξ, η)} , (48)

with U (ξ, η) given by Eq. (46). The basic idea is to use the scattering data to
calculate F (wm) (ξ, η) and display it as a function of the two variables (ξ, η).

An alternative way of visualizing the effect of exploring the parameter space
(ξ, η) is in terms of the incident and reference beams. Since the point (ξ, η)
represents the focal point of the incident field, and the central position of the
diffraction limited spot that gives rise to the reference field, the situation can
be understood in terms of the confocal scanning optical microscope [44, 45,
42]. The function F (wm) (ξ, η) is then related to the signal obtained with an
interferometric confocal scanning optical microscope [48, 43]. It is also worth
mentioning that in our formalism, the standard confocal signal F (conf) (ξ, η) is
given by the expression

F (conf) (ξ, η) = |U(ξ, η)|2. (49)

4.2 Numerical example

We now consider the specific example of the reconstruction of the profile of a
perfectly conducting surface. The surface, of length L1 = 30λ, is assumed to
be a section of a realization of a Gaussian random process with a Gaussian
correlation function. It was sampled at intervals of λ/10 so that, in total, it is
represented by an array of N = 300 points. The statistical parameters assumed
are, a correlation length a = 2λ and a standard deviation of heights δ = 0.5λ.
The random profile considered is shown in Fig. 5.
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Figure 5: Realization of a Gaussian random process with correlation length
a = 2λ and standard deviation of heights δ = λ/2.
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Figure 6: The scattering amplitudeR(q|k) as a function of q and k corresponding
to the surface profile shown in Fig. 5 for the case of p polarization.

The scattering data were calculated by rigorous numerical methods based on
the solution of an integral equation [49] for a chosen set of angles of incidence
and scattering. In this particular example we assume that complex amplitude
scattering data corresponding to 61 angles of incidence and 61 angles of scat-
tering, equally spaced in q and k, between −80◦ and 80◦ are available. So,
the scattering amplitude R(q|k) is sampled to produce a 61 × 61 matrix. The
sampling was chosen in accord with the criterion given in [46]. The scattering
amplitude calculated with this surface for the case of p polarization is illustrated
in Fig. 6 as a function of both k and q.

In Fig. 7(a), we show the function F (wm) (ξ, η), defined by expressions (46)-
(48), calculated with the scattering data R(q|k) shown in Fig. 6. A series of
fringes resembling the surface profile can be observed. In order to facilitate the
visualization of the results, the actual profile used in this calculations is shown
using a solid black line. One can see that the brightest fringe coincides with the
surface profile function.
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Figure 7: Gray scale maps of the functions F (wm)(ξ, η) (a) and F (conf)(ξ, η) (b).
In both cases, the surface was illuminated with p-polarized light. The solid lines
in reversed contrast show the original profile.

For comparison, the confocal signal F (conf), defined in Eq. (49), is shown in
Fig. 7(b). As expected, the profile falls fairly well within the bright regions of
the figure. Unwanted effects appear in the form of the white vertical streaks that
can be observed in the neighborhood of the turning points of the profile [50].
From any one of these two maps, the surface profile function can be estimated
fairly reliably.

Similar results are obtained for the case of s polarization, the main difference
being that the contrast of the map of Fig. 7(a) is reversed. The algorithm can
be applied not only to the recovery of perfectly conducting surface profiles, but
also to dielectric and metallic ones and even multilayer systems [51]. So far,
only one-dimensional surfaces have been studied but, in principle, the extension
to surfaces with two-dimensional roughness should be possible.

Despite the fact that the algorithm is based on simple notions about the
interaction of the light and the surface, it works well in a variety of situations.
It produces excellent reconstructions in cases in which single scattering is dom-
inant. The reconstructions deteriorate gradually as multiple scattering effects
become more important, and are sensitive to phase noise [46].
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5 Estimation of the surface profile from inten-
sity data

Since optical detectors are not phase sensitive, usually one only has access to
intensity data. This means that the phase information present in the scattered
field (arguably the most important) has been lost, and one cannot use the kind
of strategy reviewed in the previous section. Among other things, the solution
of the direct problem is not longer unique and the inversion strategies must be
radically different.

In this section, we review some recent investigations on the possibility of
recovering the surface profile function from far-field intensity data. The prob-
lem is approached as a non-linear least-squares bounds-constrained optimization
problem. Two kinds of representation of the objective variables have been con-
sidered; a spectral representation [52], and a representation based on spline
curves [53]. For simplicity, and to illustrate the approach, we reviw only the
spectral representation.

It is assumed that we have access to far-field angle-resolved scattered inten-
sity data corresponding to several angles of incidence. The goal is to retrieve
the unknown surface profile function from these data. Some constraints on the
kind of surface that we seek are introduced in order to reduce the search space.

The inverse scattering problem can be reformulated in terms the fitness
(objective) functional

f
[
ζ(c)(x1)

]
= min


Nang∑
i=1

wwwI(m)(q|ki)− I(c)(q|ki; ζ(c)(x1))
www

2

2

 , (50)

where the symbol ‖ · ‖2 represents the Euclidean norm, and Nang is the number
of angles of incidence considered. Also, I(m)(q|ki) is an angle-resolved far-field
scattered intensity pattern of the surface of interest (measured or calculated) and
I(c)(q|ki; ζ(c)(x1)) is a calculated intensity pattern obtained by solving the direct
problem with a trial surface profile ζ(c)(x1). The functional f [ζ(c)(x1)] can be
interpreted as an assessment of the closeness between the angular distributions
of intensity I(m)(q|k) and I(c)(q|k; ζ(c)(x1)). The goal then would be to find
a surface for which the condition I(c)(q|k) = I(m)(q|k) is satisfied. When this
happens, and if the solution to the problem is unique, the original profile has
been retrieved.

Note that in our definition of the fitness functional we require that the pro-
posed surface reproduces the “measured” scattering data for several angles of
incidence. The satisfaction of these constraints should reduce the number of
possible solutions and, hopefully, produce a unique one. The inverse scattering
problem can be viewed, now, as the problem of minimizing f [ζc(x1)].

To deal with the scattering problem numerically, the surface must be sam-
pled. From the preceding discussion it seems natural to choose, as the param-
eters of interest, the surface heights evaluated at the sampling points. Chang-
ing these numbers independently, however, would lead to surfaces with abrupt
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height changes, which does not correspond to the physical situation of interest.
One way to avoid this problem is to restrict the search space to randomly rough
surfaces that belong to a certain class. We are, thus, faced with a problem of
constrained optimization.

Consider the case in which the target surface as a realization of a stationary,
zero-mean one-dimensional Gaussian random process. With this assumption,
the random process is completely characterized by its two point correlation
function, which we also assume to be Gaussian. Surfaces belonging to this class
can be generated numerically with the spectral method described in Ref. [49].
Correlated random numbers that represent the surface heights at the sampling
points can be obtained through the expression

ζn =
δ√
L1

N/2−1∑
j=−N/2

[Mj + iNj ]√
2

[√
πa exp

{
−

(aqj
2

)2
}]1/2

exp {iqjχn} . (51)

Here, N represents the total number of points on the surface, L1 represents its
length, χn = −L/2 + (n− 0.5)∆x are the sampling points spaced by ∆x along
x1, qj = −π/∆x+ 2π(j − 0.5)/L are the sampling points in Fourier space, and
ζn = ζ(χn). The random sets {Mj} and {Nj} contain statistically independent
random Gaussian variables with zero mean and unit standard deviation. In
order to produce a set of real random numbers {ζn}, it is required that the
complex array {Mj + iNj} be Hermitian. The first and second derivatives of
the surface profile function, which are required for the direct rigorous scattering
calculations, can be obtained by differentiation of Eq. (51).

5.1 Evolutionary inversion procedure

At least in principle, any of the optimization techniques reported in the literature
could be employed to minimize Eq. (50). However, the form of this equation
and the constraint imposed by the representation scheme of Eq. (51) suggest
the use of an algorithm belonging to the class of “direct search methods” [54].
The main characteristic of this kind of technique is that, throughout the entire
optimization process, one only needs to know the values of the fitness function
and not its derivatives.

Evolutionary algorithms are a relatively recent set of direct search methods
that have been successful in the solution of ill-posed inverse problems in different
scientific disciplines. They are based on the Darwinian principle of variation
and selection. Examples of these heuristic population-based techniques are the
genetic algorithms [55], the evolution strategies [56], and the genetic [57] and
evolutionary programming [58]. Given the characteristics of the inverse problem
studied here, the evolutionary strategies seem to be the best-suited evolutionary
algorithms for this task.

Evolutionary strategies follow the canonical structure shown in the flow dia-
gram of Fig. 8. The starting point of the optimization process is the generation
of a random set Pµ|g=0 of µ possible solutions to the problem which, in the
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Figure 8: Flow diagram of the evolutionary loop.

present context, are the set of Gaussian randomly rough one-dimensional sur-
faces {ζn} generated through Eq. (51). A secondary population Pλ of λ elements
is generated through the application of the “genetic” operations of recombina-
tion and mutation over the elements of the initial population Pµ. This represents
the start of the main evolutionary loop.

It should be mentioned that we have previously used λ to denote the wave-
length of the light, which is the usual notation in optical work. Due to the
different context in which the two quantities are employed, use of the same
symbol to denote both should not lead to much confusion.

Recombination exploits the search space through the exchange of informa-
tion between different elements of the population. Mutation, on the other hand,
explores the search space through the introduction of random variations in the
newly recombined elements.

Once the secondary population has been generated, one needs to evaluate
the quality of its elements. For this, the direct problem must be solved for each
one of the surfaces in the secondary population. A fitness value is associated to
each surface ζj

n on the basis of Eq. (50). Only those elements of the secondary
population leading to promising regions of the search space will be retained,
through some selection scheme, as part of the population for the next iteration
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Figure 9: Schematic representation of the mutation operation.

of the evolutionary loop. The procedure is repeated until a defined termination
criterion has been reached. The respective sizes of the initial and the secondary
populations remain constant throughout the entire search process.

In the scheme reviewed here, mutations are introduced by changing some
of the elements of the Hermitian array employed in the generation of a given
surface (see Fig. 9). Provided that the new numbers, Mj and Nj , are zero-
mean Gaussian-distributed random numbers with unit standard deviation, and
the Hermiticity of the array is conserved, the new surface will belong to the
statistical class specified for the search space.

The selection operator generates, through a deterministic process, the set of
surfaces that will serve as the population for the next iteration of the algorithm.
There are two selection procedures employed in evolution strategies. The first
one is known as the “elitist” or (µ + λ) strategy, whereas the second one is
called the “non-elitist” or (µ, λ) strategy. In the (µ, λ) scheme, the elements
to be selected belong, exclusively, to the secondary population. An important
consequence of this is the possibility that the best elements of the new popula-
tion are less fit than the best element of the previous population. This possible
deterioration of the fitness values helps the algorithm avoid regions of attraction
that could lead to premature convergence to a local minimum. Of course, if the
deterioration persists, the algorithm diverges.

5.2 Results of a numerical experiment

The scattering data that serves as the input to the algorithm were obtained
through a rigorous numerical solution of the direct scattering problem [49].
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Figure 10: Profile used in the generation of the scattering data.
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Figure 11: Scattered intensity produced by the surface depicted in Fig. 10 for
the case of normal incidence.

Since the time of computation required to find the optimum increases with the
number of sampling points on the surface, and the direct problem needs to
be solved many times, in order to keep the problem to a manageable size we
chose a surface with N = 128 sampling points. The surface profile used to
generate these scattering data is shown in Fig. 10. It constitutes a realization
of a zero-mean stationary Gaussian-correlated Gaussian random process with a
1/e-value of the correlation function a = 2λ and standard deviation of heights
δ = 0.5λ. The surface was sampled at intervals ∆x = λ/10. Far-field intensity
data corresponding to four different angles of incidence (θ0 = −60◦, −30◦, 0◦,
and 40◦) were available. In Fig. 11, we show the scattering pattern produced
by the surface shown in Fig. 10 for the case of normal incidence.

To start the evolutionary loop, a set of surfaces belonging to the same sta-
tistical class as the original surface (zero-mean stationary Gaussian-correlated
Gaussian random process with a = 2λ and δ = 0.5λ) were generated. This
set constitutes the initial population. We chose the typical values µ = 10 and
λ = 100 [56]. For brevity, we only present results obtained with the elitist
strategy. Results obtained with the non elitist one are similar. The maximum
number of iterations was g = 300, which also provided the termination criterion.

The target profile was searched starting from 30 different, and randomly
chosen initial states. Not in all of these attempts to recover the profile the
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Figure 12: Reconstruction of the surface profile using the (µ + λ) (solid line)
strategy. The original profile is plotted with a dotted line.

algorithms converged to the target surface. However, we found that a low value
of f(ζn) corresponded, in most cases, to a profile that was close to the original
one. So, the final value of f(ζn) was used as the criterion to decide whether the
function profile had been reconstructed or not.

In Fig. 12, we present results obtained without recombination using the eli-
tist strategy. The original profile is shown with the dotted curve, while the
profile retrieved with the elitist strategy is shown with the solid curve. We can
see that, in this case, the target profile has been retrieved quite well. It should
be mentioned that, often, the technique recovers profiles that are displaced hor-
izontally or vertically with respect of the original surface. These displacements
of the recovered profile are understandable, as the far-field intensity is insensi-
tive to such shifts. On the other hand, such displacement are unimportant for
practical profilometric applications.

An interesting result that demonstrates the lack of uniqueness of the solution
when intensity data are used is shown in Fig. 13. The dotted curve represents
the original profile, while the reconstruction obtained with the elitist strategy
is represented with the solid line. For this numerical experiment, the initial
population was different from the one used in the example of Fig. 12. One can
see that, in this case, the recovered profile does not resemble the original one.
As explained below, these results illustrate a curious symmetry property of the
scattering problem for situation in which single scattering is dominant.

The profile recovered in Fig. 13 resembles the sought profile if we reflect it
with respect to the x1 and x3 axes; that is, if we replace ζ(c)(x1) by −ζ(c)(−x1).
This is illustrated in Fig. 14. To better understand this property, let us consider
the direct scattering problem in the thin phase screen approximation.

The far-field scattering amplitude R(q|k) is given by Eq. (6). Consider
now the profile z(x1), defined as z(x1) = −ζ(−x1). The scattering amplitude
obtained with this profile can be written as

[R(q|k)]z = A0

∞∫
−∞

dx1e
−iv1x1+iv3ζ(−x1). (52)

With the change of variable u = −x1, it can be readily shown that the intensity
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Figure 13: Reconstruction of the surface profile using the (µ + λ) (solid line)
strategy, starting from a different initial population than in Fig. 12. The original
profile is plotted with a dotted line.
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Figure 14: Reconstructed profile shown in Fig. 13, reflected on both axes. The
original profile is plotted with a dotted line.

patterns corresponding to ζ(x1) and z(x1) are equal:

I(q|k) = [I(q|k)]z. (53)

Thus, the validity of the thin phase screen approximation leads to multiple
solutions of the inverse scattering problem. It should be mentioned that, in
general, the rigorous solution of the direct problem does not have this kind of
symmetry. It is thus tempting to think that multiple scattering effects reduces
the number of possible solutions of the inverse problem.

6 Discussion and conclusions

In this review, we have considered the retrieval of surface profile information
from monochromatic far-field angle-resolved data. After a brief discussion of the
direct problem, we reviewed some methods to estimate statistical parameters of
the surface, such as the rms height and the height correlation length.

A simple and practical method to estimate δ is based on the determination of
the strength of the coherent component. More elaborate techniques need to be
used for cases in which the coherent component cannot be detected. Information
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on the lateral scale of the surface is contained in the angular distribution of the
mean intensity. For weakly scattering surfaces this distribution is, essentially,
a map of the power spectral density of surface heights, whereas in the limit of
very rough single scattering surfaces it is related to the PDF of slopes on the
surface. A more complex relation occurs in more general cases.

We have also considered the recovery of the surface profile function itself.
Two problems of a different nature were discussed. The first, and simpler one,
assumes the availability of complex amplitude data, while the second one as-
sumes that only intensity data are available.

The approach taken to solve the first problem is based on single scattering
assumptions about the interaction of the light with the surface. The result-
ing procedure is simple, and should also work with two-dimensional surfaces.
The processing of the complex amplitude data involves, essentially, an integral
transform of the scattering amplitude. The method, however, breaks down when
multiple scattering is important, and is also sensitive to phase noise in the input
data.

In the second case, when only intensity data are given, the phase information
is lost and the solution of the inverse problem is not unique. A radically different
strategy must be employed. In our approach, the problem is visualized as a
problem of constrained optimization and solved using evolutionary strategies.
These algorithms are heuristic, involve random search strategies, and there is
no guarantee that they will converge to the correct solution. Nevertheless, even
though numerical experiments have only been conducted with quite short one-
dimensional surfaces, the results are encouraging. These methods are able to
retrieve surface profile functions in a variety of situations, including cases in
which multiple scattering is important.

An example that illustrates the potential of these heuristic procedures to
solve inverse scattering problems in the presence of multiple scattering is shown
in Fig. 15. The surface contains a triangular groove whose half-width and depth
are equal to λ. In the region of the groove, the surface slopes are ±1, which
leads to significant amounts of multiple scattering. Let us first look at the results
obtained with the wavefront matching algorithm for this surface. A gray scale
map of F (wm)(ξ, η) for the case of normally incident s-polarized illumination is
shown in Fig. 15(a). A dark fringe is only clearly defined in the region where
the surface is horizontal. As expected, in the region where multiple scattering
dominates, it is difficult to infer the position of the interface.

An attempt to reconstruct the surface profile function from these data by
searching for the minimum at each position x1 is shown in Fig. 15(b) (small
circles); the failure of the algorithm in the region where multiple scattering
occurs is evident. In the same figure, we show the results obtained with a
non-elitist hybrid evolutionary strategy in which the surface was represented in
terms of spline curves [53] (crosses). The algorithm is hybrid because it couples
an evolutionary strategy with the downhill simplex method of Nelder and Mead
[59], which is a local search algorithm. One can see that the reconstruction
obtained with the hybrid algorithm is reasonably close to the target profile.

Although the numerical studies carried out so far are limited in many ways
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Figure 15: Comparison of reconstructed profiles using the wavefront matching
algorithm and a hybrid algorithm that uses an evolutionary strategy coupled
with the downhill simplex method. (a) Gray scale map of F (wm)(ξ, η) for the
case of normal incidence and s-polarized waves. The original profile is shown
with a white line. (b) Estimated profiles. To facilitate the visualization, the
curves corresponding to the hybrid and wavefront matching algorithms have
been slightly shifted downwards and upwards, respectively. The original profile
is shown with a thick gray line.
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and the evolutionary strategies lack mathematical formality, we have found that
these algorithms are able to find the correct solution in many cases. They have
thus the potential of becoming a practical tool for solving inverse problems when
phase information is unavailable.
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[21] J. A. Sánchez-Gil, José V. Garćıa-Ramos and E. R. Méndez, “Influence of
nanoscale cutoff in random self-aff ine fractal silver surfaces on the excitation
of localized optical modes,” Opt. Lett. 26, 1286-1288 (2001).

[22] H. E. Bennett and J. O. Porteus, “Relation between surface roughness
and specular reflectance at normal incidence,” J. Opt. Soc. Am. 51, 123–129
(1961).

[23] J. M. Elson and J. M. Bennett, “Relation between the angular dependence
of scattering and the statistical properties of optical surfaces,” J. Opt. Soc.
Am. 69, 31-47 (1979).

[24] J. C. Stover, S. A. Serati, and C. H. Guillespie, “Calculation of surface
statistics from light scatter,” Opt. Eng. 23, 406-412 (1984).

[25] J. W. Goodman, “Statistical properties of speckle patterns,” in Ref. [6],
pp. 9-75.
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[51] Maćıas, D., Estudios numéricos de esparcimiento inverso de ondas electro-
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