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Second-harmonic generation in the scattering of
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A numerical technique for studying the generation of second-harmonic radiation in the interaction of light with
two-dimensional particles of arbitrary shape is described. The medium of which the particles are composed is
assumed to be homogeneous and isotropic. For the special case of cylindrical particles the numerical results
are compared with results obtained with a Mie-type theory. The numerical technique is then illustrated
through calculations for particles of various shapes by use of a free-electron model for nonlinear polarization.
Among other things, we have found that, when a symmetrical particle is illuminated along its axis of symme-
try, there is no second-harmonic radiation along that axis and that s-polarized second-harmonic light can be
generated only by a mixture of s- and p-polarized illumination. The effects that the departure from cylindrical
shape has on the resonances were also studied. © 2003 Optical Society of America
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1. INTRODUCTION
In recent years, nonlinear optical techniques have become
a standard means of probing the state of surfaces and in-
terfaces. In particular, second-harmonic generation
(SHG) is now established as a powerful spectroscopic tool
for the study of the physical and chemical properties of
the surfaces of centrosymmetric materials (see, e.g., the
reviews in Refs. 1–4). The sensitivity of this nonlinear
effect to the state of the surface is due to the fact that,
within the dipole approximation, a centrosymmetric ma-
terial does not produce second-harmonic radiation. At
the surface, however, the inversion symmetry is broken,
permitting a dipolar contribution to the harmonic field.
The theoretical development of the field is an ongoing
subject of research, and, on the experimental side, the
availability of powerful and stable laser sources is making
second-harmonic studies more accessible and facilitating
their application to a wide range of systems.

Most of SHG studies, both theoretical and experimen-
tal, have been concerned with planar surfaces.1–12 Re-
cently, however, some attention has been given to nonlin-
ear interactions between optical waves and rough, or
nonplanar, surfaces.13–21 These studies have been moti-
vated partly by the need for understanding the interplay
between multiple scattering and nonlinearities.

Recent advances in nanofabrication techniques permit
the production of controlled systems of small particles,
such as structured clusters, self-assembled particles, and
quantum dots. The nonlinear optical properties of such
structures can be used in the characterization of those
structures and, more interestingly, are also becoming im-
portant in applications. Although some publications
have dealt with SHG by small particles,22–27 most treat-
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ments are either restricted to particles smaller than the
wavelength or based on simplified models of the nonlin-
earity.

In this paper we calculate the second harmonics gener-
ated by arbitrary-shaped two-dimensional particles. We
do so by employing the undepleted-pump approximation
(Ref. 28, p. 79), assuming that the medium is homoge-
neous and isotropic, and assuming that the surface of the
particle is locally flat. In our approach the second-
harmonic field is obtained through the numerical solution
of integral equations satisfied by the source fields at the
fundamental and harmonic frequencies. Interesting as-
pects of the technique are that it can be applied to two-
dimensional particles of any shape and that the results
can easily be extended to collections of particles.

The formulation is illustrated by calculations based on
the free-electron model for nonlinear polarization.8,29–31

We point out, however, that our results are not restricted
to this case; they represent the general solution to the
problem of SHG by particles of an isotropic and homoge-
neous material that are invariant along one direction, il-
luminated perpendicularly to that direction. We tested
the numerical technique by comparing calculations for
cylinders with the results of analytical work.32 These
theoretical tools were then used to study the scattering
cross section, or efficiency, and the angular intensity dis-
tribution of the light generated at the harmonic frequency
for particles of various shapes under different conditions
of illumination.

The paper is organized as follows: First, in Section 2
we present some general results on the theory of SHG
from surfaces and specialize them to surfaces or particles
that are invariant in one direction. The numerical tech-
nique is described in Section 3. In Section 4 we calculate
2003 Optical Society of America
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some illustrative examples, employing a free-electron
model for the nonlinear polarization, and, finally, in Sec-
tion 5 we present our conclusions.

2. NONLINEAR SOURCES
Consider, for the moment, the locally flat interface shown
in Fig. 1. It divides medium I, assumed to be vacuum,
and nonlinear medium II. For the region below the in-
terface, at the harmonic frequency, Maxwell’s equations
can be written in the form

¹ 3 E~ru2v! 5
2iv

c
H~ru2v!, (1a)

¹ 3 H~ru2v! 5 2
2iv

c
D~ru2v!, (1b)

¹ • D~ru2v! 5 0, (1c)

¹ • H~ru2v! 5 0. (1d)

We also have the constitutive relation

D~ru2v! 5 eII~2v!E~ru2v! 1 4pPNL~ru2v!, (2)

where PNL(ru2v) represents the nonlinear polarization.
For isotropic media the first nonzero contribution to the

bulk nonlinear polarization is given by the quadrupolar
term. The third-order susceptibility tensor has 21 non-
zero elements, of which only 3 are independent (see, e.g.,
Ref. 28, p. 48). Then the nonlinear polarization takes the
general form1,3,8

PNL~ru2v! 5 a@E~ruv! • ¹#E~ruv!

1 bE~ruv!@¹ • E~ruv!#

1 g¹@E~ruv! • E~ruv!#, (3)

where a 5 d 2 b 2 2g, and the constants d, b, and g are
frequency-dependent parameters that characterize the
medium. In a homogeneous medium the second term on
the right-hand side of Eq. (3) must always vanish. Un-
der excitation by a plane wave the first term also van-
ishes, but it must be kept for more-general illumination
conditions.

To determine the boundary conditions it is convenient
to introduce a local system of coordinates x –y –z with ori-
gin on the surface, in which the unit vectors x̂ and ŷ are

Fig. 1. Illustrative diagram of the local surface geometry.
tangential to the surface and ẑ is normal to the surface
(see Fig. 1). Multiplying Eq. (1a) by ẑ, we can write

]Et~ru2v!

]z
5 ¹tEz~ru2v! 2 S 2iv

c D @ ẑ 3 Ht~ru2v!#,

(4)

where the subscripts t and z indicate components that are
tangent and normal to the surface, respectively. Inte-
grating this expression along ẑ, we find that

Et
~I!~rsu2v! 2 Et

~II!~rsu2v! 5 24p¹tPz
s~rsu2v!, (5)

where rs represents points on the surface and the super-
scripts (I) and (II) indicate evaluation from above and
from below the interface, respectively. In writing Eq. (5)
we defined the normal component of the surface nonlinear
polarization as

Pz
s~rsu2v! 5 lim

t→0
E

2t

t Pz
NL~rs , zu2v!

eII~zu2v!
dz. (6)

Starting from Eq. (1b) and following a similar proce-
dure, we find that

Ht
~I!~rsu2v! 2 Ht

~II!~rsu2v! 5 4pS 2iv

c D ẑ 3 Pt
s~rsu2v!,

(7)

where the tangential component of the surface’s nonlinear
polarization is defined as

Pt
s~rsu2v! 5 lim

t→0
E

2t

t

Pt
NL~rs , zu2v!dz. (8)

Equations (5) and (7) show that the tangential compo-
nents of the fields are discontinuous across the interface,
in contrast to the more familiar situation found in linear
optics. The right-hand sides of these equations represent
surface sources that can produce radiation at the second-
harmonic frequency.

The components of the second-order surface suscepti-
bility tensor x ijk

s relate the amplitudes of the components
of the nonlinear surface polarization to the fundamental
field amplitudes. For the surface of an isotropic mate-
rial, only three distinct components are necessary to char-
acterize the nonlinear response of the system. These are
x ttz

s 5 x tzt
s , xztt

s , and xzzz
s . The symmetry properties of

the surface enable us to write

Pz
s~rsu2v! 5 xzzz

s @Dz~rsuv!#2 1 xztt
s @Et~rsuv! • Et~rsuv!#,

(9)

Pt
s~rsu2v! 5 x ttz

s @Et~rsuv!Dz~rsuv!#, (10)

where we are using the convention that the permutation
of the fields should yield no additional contribution to
Pt

s(rsu2v) (Ref. 30, p. 38). Notice that we have defined
the surface nonlinear polarization Ps(rsu2v) in terms of
the displacement field perpendicular to the interface
Dz(rsuv) and the tangential electric field Et(rsuv), both
evaluated at the surface. Inasmuch as Et(rsuv) and
Dz(rsuv) are continuous across the surface, the ambiguity
as to where in the selvedge the fields should be evaluated
is eliminated.11
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3. GEOMETRIES INVARIANT IN ONE
DIRECTION
Some simplifications occur for systems that are invariant
in one direction (in our case along x2 5 y), illuminated
perpendicularly to that direction. For the linear case it
is well known that two independent sets of equations are
obtained, corresponding to s and p polarization (see, e.g.,
Ref. 33). The problem becomes, essentially, a scalar one.

The situation for the nonlinear medium at frequency
2v is similar. Equating to zero the partial derivatives
with respect to x2 that appear in curl equations (1a) and
(1b), we obtain the two independent sets:

]E2~ru2v!

]x3
5 2i

2v

c
H1~ru2v!, (11a)

]E2~ru2v!

]x1
5 i

2v

c
H3~ru2v!,

(11b)

F ]H3~ru2v!

]x1
2

]H1~ru2v!

]x3
G 5 i

2v

c
@eII~2v!E2~ru2v!

1 4pP2
NL~ru2v!#, (11c)

for s polarization and

]H2~ru2v!

]x3
5 i

2v

c
@eII~2v!E1~ru2v! 1 4pP1

NL~ru2v!#,

(12a)

]H2~ru2v!

]x1
5 2i

2v

c
@eII~2v!E3~ru2v!

1 4pP3
NL~ru2v!#, (12b)

F ]E3~ru2v!

]x1
2

]E1~ru2v!

]x3
G

5 2i
2v

c
H2~ru2v! (12c)

for p polarization. The first set involves only H1(ru2v),
H3(ru2v), E2(ru2v), and the fundamental fields [through
P2

NL(ru2v)], whereas the second one involves only
E1(ru2v), E3(ru2v), H2(ru2v), and the fundamental
fields [through P1

NL(ru2v) and P3
NL(ru2v)]. So, as in the

linear case, the problem is essentially of a scalar nature.
In s polarization the field (either at v or at 2v) can be
specified in terms of the 2-component of the electric field.
Similarly, in p polarization the field is specified by the
2-component of the magnetic field. We then denote by
cs, p

(R) (ruV) the 2-components of the electric (s polarization)
and magnetic ( p polarization) fields. Here R represents
region I or II and V stands for v or 2v.

At this stage it is convenient to represent the curve
that describes the profile of the surface in terms of a
single parameter. We write

rs~t ! 5 @j~t !, h~t !#, (13)

where the vector valued function rs(t) describes the
boundary as a function of parameter t. For surfaces that
can be represented as single-valued functions of the x1 co-
ordinate, one can put j(t) 5 t 5 x1 . In such cases,
h(x1) represents the height of the surface as a function of
x1 . For reentrant curves, such as those of interest here,
t can represent the arc length along the curve34 or an-
other convenient parameter such as an angle.35

The vectors

Z 5 @2h8~t !, j8~t !#, X 5 @j8~t !, h8~t !#, (14)

of magnitude f(t) 5 $@j8(t)#2 1 @h8(t)#2%1/2, are normal
and tangent, respectively, to the surface. The corre-
sponding unit vectors are ẑ 5 Z/f(t) and x̂ 5 X/f(t).
Notice that, if parameter t is chosen as the arc length
along the curve, f(t) 5 1. Similarly, the operators of the
nonnormalized normal and tangential derivatives are
given by

]

]Z
5 F2h8~t !

]

]x1
1 j8~t !

]

]x3
G , (15a)

]

]X
5 F j8~t !

]

]x1
1 h8~t !

]

]x3
G . (15b)

It should be mentioned that to evaluate the tangential de-
rivatives on the surface it is convenient to use the relation

]F~r!

]X
U

r5rs

5
dF~t !

dt
, (16)

which can be obtained by application of the chain rule.
At this stage it is also convenient to define the values of

the field and its normal derivative evaluated on the sur-
face as

cs, p
~R! ~tuV! 5 cs, p

~R! ~ruV!ur5rs
, (17a)

Ys, p
~R! ~tuV! 5

]cs, p
~R! ~ruV!

]Z
U

r5rs

. (17b)

Let us consider first the case of s polarization. Substitut-
ing Eqs. (11a) and (11b) into (11c), we find that

F ]2

]x1
2

1
]2

]x3
2

1 S 2v

c D 2

eII~2v!Gcs
~II!~ru2v!

5 24pS 2v

c D 2

P2
NL~ru2v!. (18)

Thus, in the nonlinear medium, the field component
cs

(II)(ru2v) satisfies an inhomogeneous scalar two-
dimensional Helmholtz equation. It is clear, however,
that in medium I, cs

(I)(ru2v) satisfies a homogeneous
equation. The boundary conditions required for comple-
tion of the solution can be obtained from Eqs. (5) and (7).
We find that

cs
~I!~tu2v! 2 cs

~II!~tu2v! 5 0, (19a)

Ys
~I!~tu2v! 2 Ys

~II!~tu2v! 5 24pS 2v

c D 2

f~t !Py
s~tu2v!.

(19b)

The right-hand sides of Eqs. (18) and (19b) represent the
nonlinear sources.
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For p polarization we follow similar steps. With the
form of nonlinear polarization given by Eq. (3), ]P3

NL/]x1
5 ]P1

NL/]x3 , and we can write

F ]2

]x1
2

1
]2

]x3
2

1 S 2v

c D 2

eII~2v!Gcp
~II!~ru2v! 5 0. (20)

And for the boundary conditions we find that

cp
~I!~tu2v! 2 cp

~II!~tu2v!

5 4p
2iv

c
Px

s~tu2v!, (21a)

1

eI~2v!
Yp

~I!~tu2v! 2
1

eII~2v!
Yp

~II!~tu2v!

5 24p
2iv

c
FdPz

s~tu2v!

dt
1

f~t !Px
NL~tu2v!

eII~2v!
G . (21b)

Equation (20) shows that the bulk contribution to the
second-harmonic field vanishes, whereas Eqs. (21) con-
tain nonzero contributions from the surface. It is worth
pointing out, however, that the second term on the right-
hand side of Eq. (21b) is in fact a mixed term; it repre-
sents the bulk nonlinear polarization evaluated on the
surface.

From Eqs. (3) and (10), the sources of the s-polarized
second-harmonic field that appear on the right-hand sides
of Eqs. (18) and (19b) can be written in the form

P2
NL~ru2v! 5 a

ic

veII~v!
F ]cp

~II!~ruv!

]x1

]cs
~II!~ruv!

]x3

2
]cp

~II!~ruv!

]x3

]cs
~II!~ruv!

]x1
G , (22a)

f~t !Py
s~tu2v! 5 2x ttz

s S c

iv Dcs
~I!~tuv!

dcp
~I!~tuv!

dt
.

(22b)

It is interesting to note that, if the excitation field is
purely s or p polarized, both of these sources vanish, and
there is no s-polarized second-harmonic radiation.

From Eqs. (3), (9), and (10) the sources of the
p-polarized second-harmonic field can be written as

f~t !Px
NL~tu2v! 5 2~a/2 1 g!

c2

v2 H 1

eI
2~v!

d

dt
FYp

~I!~tuv!

f~t !
G 2

1
1

eII
2 ~v!

d

dt
F 1

f~t !

dcp
~I!~tuv!

dt
G 2J

2
a

2eII~v!

d

dt
@ cp

~I!~tuv!#2

1 g
d

dt
@ cs

~I!~tuv!#2, (23a)

Px
s~tu2v! 5

x ttz
s

eI~v!
S c

v
D 2 1

f 2~t !
Yp

~I!~tuv!
dcp

~I!~tuv!

dt
,

(23b)
Pz
s~tu2v! 5 2xzzz

s S c

v
D 2F 1

f~t !

dcp
~I!~tuv!

dt
G 2

2 xztt
s H 1

eI
2~v!

S c

v
D 2FYp

~I!~tuv!

f~t !
G 2

2 @ cs
~I!~tuv!#2J . (23c)

4. INTEGRAL EQUATION METHOD
Application of Green’s second integral theorem to region I
yields the total field in this region in terms of the bound-
ary values of the field and its normal derivative.36 We
can write

cs, p
~I! ~ruV! 5 cs, p

~I! ~ruV!inc 1
1

4p
E

G
H ]GV

I ~rur8!

]Z8
U

r85rs~t8!

3 cs, p
~I! ~t8uV! 2 GV

I @rurs~t8!#Ys, p
~I! ~t8uV!J dt8,

(24)
where we have used the fact that the element of arc of G is
ds 5 f(t)dt.

In this expression cs, p
(I) (ruv)inc represents the incident

field, cs, p
(I) (ru2v)inc 5 0, and Green’s function GV

I (rur8) for
region I may be expressed in terms of a Hankel function
of the first kind:

GV
I ~rur8! 5 ipH0

~1 !FnI~V!
V

c
ur 2 r8uG , (25)

where nI(V) is the refractive index of medium I. The
scattered field is given by the second term on the right-
hand side of Eq. (24) and can be calculated if the source
functions cs, p

(I) (tuV) and Ys, p
(I) (tuV) are known.

By letting the point of observation approach the surface
in Eq. (24), and following a similar procedure with a sec-
ond equation obtained by the application of Green’s theo-
rem to medium II, we can derived the following two
equations36:

cs, p
~I! ~tuV! 5 cs, p

~I! ~tuV!inc

1
1

4p
lim
t→0

E
G
H ]GV

I ~rs
1ur8!

]Z8
U

r85rs~t8!

cs, p
~I! ~t8uV!

2 GV
I @rs

1urs~t8!#Ys, p
~I! ~t8uV!J dt8, (26a)

0 5 2
1

4p
lim
t→0

E
G
H ]GV

II~rs
1ur8!

]Z8
U

r85rs~t8!

cs, p
~II! ~t8uV!

2 GV
II@rs

1urs~t8!#Ys, p
~II! ~t8uV!J dt8

2
1

4p
E

SB

GV
II~rs

1urB8 !Fs, p
NL ~rB8 uV!dSB8 , (26b)
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where rs
1 5 rs(t) 1 t ẑ, GV

II(rur8) is Green’s function of
medium II, and the boundary values cs, p

(II) (tuV) and
Ys, p

(II) (tuV) correspond to fields in medium II. The inte-
gral over region SB in Eq. (26b) represents the nonlinear
bulk contribution of the material. Evidently, Fs, p

NL (rBuv)
5 0, whereas Fs

NL(rBu2v) 5 24p(2v/c)2P2
NL(rBu2v) for

s polarization and Fp
NL(rBu2v) 5 0 for p polarization, ac-

cording to Eqs. (18) and (20), respectively. By similarity
to the description of the boundary profile it is convenient

to write rB in terms of two parameters, t1 and t2 ,
through the functions jB and hB , as

rB~t1 , t2! 5 @jB~t1 , t2!, hB~t1 , t2!#. (27)

Equations (26) can be coupled, leading to a system of
two equations with two unknowns. In the linear case the
coupling is through the conditions of continuity for the
tangential components of the field, and, in the second-
harmonic case, through Eqs. (19) and (21). We then can
write

cs, p
~I! ~tuV! 2 cs, p

~II! ~tuV! 5 As, p~tuV!, (28a)

1

nI~V!
Ys, p

~I! ~tuV! 2
1

nII~V!
Ys, p

~II! ~tuV! 5 Bs, p~tuV!,

(28b)

where nI,II(V) 5 eI,II(V) in p polarization and nI,II(V)
5 1 in s polarization. It is clear that As, p(tuv)
5 Bs, p(tuv) 5 0. As(tu2v) and Ap(tu2v), however, are
given by the right-hand sides of (19a) and (21a), respec-
tively, and Bs(tu2v) and Bp(tu2v) are given by the right-
hand sides of Eqs. (19b) and (21b); the nonlinear sources
are given by Eqs. (22) and (23).

In the discretization procedure we take a set of N ele-
ments, i.e., @t1 ,...,tn#, which allows us to write the follow-
ing matrix equations for the linear case:

cs, p
~I! ~tmuv! 5 cs, p

~I! ~tmuv!inc 1 (
n51

N

@Hmn
I ~v!cs, p

~I! ~tnuv!

2 Lmn
I ~v!Ys, p

~I! ~tnuv!#, (29a)

Hmn
I ~v! 5 5

iDtn

4
nI~v!

v

c
@2hn8 ~jm 2 jn! 1 jn8 ~hm 2

1

2
1

Dtm

4pf 2~tm!
~jm8 hm9 2 jm9 hm8 !

Lmn
I ~v! 5 5

iDtn

4
H0

~1 !H nI~v!
v

c
@~jm 2 jn!2 1 ~hm 2

iDtm

4
H0

~1 !FDtmnI~v!~v/c !f~tm!

2e G ,
0 5 (
n51

N FHmn
II ~v!cs, p

~I! ~tnuv!

2
nII~v!

nI~v!
Lmn

II ~v!Ys, p
~I! ~tnuv!G , (29b)

where the matrix elements Hmn
I (v) and Lmn

I (v) are given
by

where Dtn 5 tn 2 tn21 is the length of the sampling in-
tervals and we are using the notation jn 5 j(tn), jn8
5 j8(tn), jn9 5 j9(tn), hn 5 h(tn), hn8 5 h8(tn), and hn9
5 h9(tn). These expressions reduce to those given in
Ref. 34 when the parameter t is taken as the arc length
along the curve. We obtain matrix elements Hmn

II (v) and
Lmn

II (v) by replacing nI(v) with nII(v) in Eqs. (30).
Similarly, for the second-harmonic fields we find that

cs, p
~I! ~tmu2v! 5 (

n51

N

@Hmn
I ~2v!cs, p

~I! ~tnu2v!

2 Lmn
I ~2v!Ys, p

~I! ~tnu2v!#, (31a)

Qs, p~tmu2v! 5 (
n51

N FHmn
II ~2v!cs, p

~I! ~tnu2v!

2
nII~2v!

nI~2v!
Lmn

II ~2v!Ys, p
~I! ~tnu2v!G , (31b)

where

Qs, p~tmu2v! 5 (
n51

N

@Hmn
II ~2v!As, p~tnu2v!

2 nII~2v!Lmn
II ~2v!Bs, p~tnu2v!#

1 (
l51

N1

(
j51

N2

Lmlj
II ~2v!Fs, p

NL ~t1l , t2ju2v!

3 f1~t1l , t2j!f2~t1l , t2j!. (32)

In writing the second term on the right-hand of Eq. (32)
we sampled the bulk region in pairs (t1l ,t2j) with l
5 1,...,N1 and j 5 1,...,N2 . The functions f1 and f2 can
be written as

!#
H1

~1 !$nI~v!~v/c !@~jm 2 jn!2 1 ~hm 2 hn!2#1/2%

@~jm 2 jn!2 1 ~hm 2 hn!2#1/2
m Þ n

m 5 n

,

(30a)

!2#1/2J m Þ n

m 5 n

, (30b)
hn

hn
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f1~t1l , t2j! 5 H F ]jB

]t1
~t1l , t2j!G2

1 F ]hB

]t1
~t1l , t2j!G2J 1/2

,

f2~t1l , t2j! 5 H F ]jB

]t2
~t1l , t2j!G2

1 F ]hB

]t2
~t1l , t2j!G2J 1/2

.

Matrix elements Hmn
I,II (2v) and Lmn

I,II (2v) are the same as
elements Hmn

I,II (v) and Lmn
I,II (v) but are evaluated at 2v,

and matrix elements Lmlj
II (2v) are given by

Lmlj
II ~2v! 5

iDt1lDt2j

4
H0

~1 !XnII~2v!
2v

c

3 $@jm 2 jB~t1l , t2j!#
2

1 @hm 2 hB~t1l , t2j!#
2%1/2C, (33)

where Dt1l 5 t1l 2 t1(l21) and Dt2j 5 t2j 2 t2( j21) are
the lengths of the sampling intervals in the volume.
From the form of matrix equations (31) it is clear that the
function Qs, p(tmu2v) constitutes the source that produces
the harmonic field. With the solution of the linear prob-
lem, the functions As, p(tnu2v) and Bs, p(tnu2v) can be
calculated. These, in turn, are used for the determina-
tion of the nonlinear source functions cs, p

(I) (tnu2v) and
Ys, p

(I) (tnu2v), which are required for the calculation of the
scattered field at 2v.

With reference to the geometry shown in Fig. 2, the
field scattered by the particle into medium I may be writ-
ten as

cs, p
~I! ~r, uuV!sc 5

i

4
E

G
H ~Z8 – û !nI~V!

V

c

3 H1
~1 !FnI~V!

V

c
uuuGcs, p

~I! ~t8uV!

2 H0
~1 !FnI~V!

V

c
uuuGYs, p

~I! ~t8uV!J dt8,

(34)

where (r, u) represent the coordinates of the point of ob-
servation, u 5 @r cos u 2 j(t8)#x̂1 1 @r sin u 2 h(t8)#x̂3 , and
û is a unit vector in the direction of u. For large values
of r we have

Fig. 2. Schematic diagram of the scattering geometry.
cs, p
~I! ~r, uuV!sc

5 exp@i~p/4!#
exp@inI~V!~V/c !r#

@8pnI~V!~V/c !r#1/2
Ss, p~uuV!, (35)

where the scattering amplitude

Ss, p~uuV! 5 E
G
H inI~V!

V

c
@h8~t8!cos u 2 j8~t8!sin u#

3 cs, p
~I! ~t8uV! 2 Ys, p

~I! ~t8uV!J
3 expH 2inI~V!

V

c
@j~t8!cos u

1 h~t8!sin u#J dt8. (36)

In writing Eqs. (35) and (36) we used the expansion of
Hankel functions for large arguments37 and the approxi-
mation uuu ' r 2 @j(t)cos u 1 h(t)sin u# for the argument
of the exponential.

We can evaluate the total power scattered by a two-
dimensional particle by constructing an imaginary cylin-
der of length L and radius r0 that encloses the particle
(Fig. 2). The scattered power crossing this imaginary
surface can be written as

P~V!sc 5 r0LE
0

2p

Ssc~r0 , uuV! • ê rdu, (37)

where

Ssc~r0 , uuV! 5 ~c/8p!R@Esc~r0 , uuV! • Hsc* ~r0 , uuV!#

is the time average of the Poynting vector of the scattered
fields. It is straightforward to show that

Ps, p~V!sc 5
r0Lc

8pnI~V!~V/c !
RH iE

0

2p

cs, p
~I! ~r0 , uuV!sc

3 F ]cs, p
~I! ~r0 , uuV!sc

]r
G*

duJ
5

Lc

64p2nI~V!~V/c !
E

0

2p

uSs, p~uuV!u2du.

(38)
We write the incident power P(v)inc intersecting a par-

ticle of cross section s 5 DL (Fig. 2) as the sum of the
contributions from the two field components:

Ps~v!inc 5 snI~v!
c

8p
u c0su2, (39a)

Pp~v!inc 5 s
1

nI~v!

c

8p
u c0pu2, (39b)

where c0s and c0p are the amplitudes of the incident
wave components E2 and H2 . At the fundamental fre-
quency there are no changes in the polarization, and the
scattering cross-section of the particle can be expressed as

Q§~v! 5
P§~v!sc

P§~v!inc
5 E

0

2p

q§~uuv!du, (40)
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where § represents either s or p and the differential scat-
tering cross section is given by

q§~uuv! 5
1

8pD~v/c !

1

nI~v!

uS§~uuv!u2

u c0§u2
. (41)

At the harmonic frequency there can be polarization
changes, but, as we have seen, when the particle is illu-
minated with pure s or p polarization the second-
harmonic radiation is always p polarized. To get second-
harmonic radiation in s polarization it is necessary to
illuminate the particle with mixed polarization. Inas-
much as, in the calculations, only pure s- or p-polarized
illumination is considered, we simplify the notation by as-
suming such situations. Then the scattering cross sec-
tion at 2v can be defined as

Qp§~2v! 5 s
Pp~2v!sc

@P§~v!inc#
2

5 E
0

2p

qp§~uu2v!du, (42)

where the differential scattering cross section for the
second-harmonic radiation is given by

qp§~uu2v! 5
1

2vD F nI
2~v!

nI
2~v!nI~2v!

G uSp~uu2v!u2

u c0§u4
. (43)

In common with most studies of planar and rough sur-
faces, our results for the second-harmonic scattering
cross-section and the second-harmonic differential scat-
tering cross section are expressed in units of cm2/W and
cm2/W rad, respectively.

5. RESULTS AND DISCUSSION
In this section we illustrate our theoretical results
through calculation of the scattering cross section and the
differential scattering cross section (angular intensity dis-
tribution) for particles of various shapes at frequencies v
and 2v. We consider particles of a free-electron medium,
taking for the dielectric function as a function of fre-
quency a best fit of the free-electron model to experimen-
tal data for silver.38 For consistency, the nonlinear sus-
ceptibilities employed are calculated with a free-electron
model for the nonlinear polarization. The model is rela-
tively simple and leads to analytical expressions for the
nonlinear susceptibilities. These assumptions would ap-
pear realistic for modeling silver particles in the infrared.

In the free-electron model, the nonlinear polarization
takes the form given by Eq. (3), with29

a 5 0, b 5
e

8pm0v2
, g 5

e3n0~z !

8m0
2v4

.

Here, e and m0 are the electron charge and mass, respec-
tively, and n0(z) is the position-dependent electron num-
ber density. For points above the interface, n0(z) 5 0
and eII(v) 5 1. Inside the medium, however, n0(z)
5 nB , eII(v) 5 1 2 vp

2/v2, where vp 5 (4pe2nB /m)1/2

is the plasma frequency and nB is the bulk electron num-
ber density. It then follows that we can write g 5 (b/4)
3 @1 2 eII(v)#.

The integrals of Pz
NL and Pt

NL across the interface de-
termine the surface polarizations [Eqs. (6) and (8)]. In
the limit t → 0, only the singular parts of the tangential
and normal components of the nonlinear polarization pro-
vide a contribution to the second-harmonic field. The un-
bounded terms are29

Pt
NL~x, zu2v! ' bEt~x, zuv!

]Ez~x, zuv!

]z
, (44)

Pz
NL~x, zu2v! ' g

]Ez
2~x, zuv!

]z

1 bEz~x, xzuv!
]Ez~x, zuv!

]z
. (45)

From Eqs. (6) and (9), and (8) and (10), we find that

xzzz
s 5 2

2

3
bH @eII~v! 2 1#@eII~v! 2 3#

2eII
2 ~v!

2
2

3
lnF eII~v!

eII~2v!
G J ,

(46a)
xztt

s 5 0, (46b)

x ttz
s 5 bF eII~v! 2 1

eII~v!
G . (46c)

In the examples presented we consider that the system
is illuminated by an s- or a p-polarized plane wave trav-
eling in the 1x1 direction (Fig. 2). The kinds of particle
studied are illustrated in Fig. 3. The simplest case is the
particle with circular cross section depicted in Fig. 3(a)
(i.e., a cylinder). We also consider particles with ellipti-
cal cross sections and general orientations, as illustrated
in Fig. 3(b), and sinusoidally modulated particles of the
type shown in Fig. 3(c). The shapes illustrated in Figs.
3(b) and 3(c) can be viewed as perturbations of the cylin-
drical shape of Fig. 3(a).

In Figs. 4 and 5 we present calculations of the scatter-
ing efficiency of a cylinder as a function of the parameter
(V/c)R for both fundamental and harmonic light by keep-
ing the radius fixed at R 5 0.5 mm and varying the inci-
dent wavelength in the range 0.140–1.26 mm. Figure
4(a) contains the results of the linear calculations for in-
cident p polarization. The solid curve corresponds to the
analytical Mie-type calculations,32 and the dotted curve
represent calculations with the numerical technique de-
scribed in this paper. The results for second-harmonic ef-
ficiency are shown in Fig. 4(b). The corresponding re-
sults for illumination with s-polarized light are shown in
Fig. 5. One can observe very good agreement between
the results obtained with the two theoretical methods,
showing the consistency between them.

For illumination with p polarization, the efficiency at
the fundamental frequency presents an oscillatory behav-
ior in the region 8 < vR/c < 13 [Fig. 4(a)]. Well-defined
peaks are observed at specific values of the frequency,
which denote the presence of morphology-dependent
resonances.39 In this region of relatively high efficiency
the linear and, thus, the nonlinear sources are expected to
be large. The resonant behavior should then be reflected
in the efficiency of SHG, as is indeed we observe in the
region 23 < 2vR/c < 27 of Fig. 4(b), where we find oscil-
lations whose maxima coincide with the peaks in the
curve for the linear efficiency. Other interesting features
are found in the region 8 < 2vR/c < 13, which corre-
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sponds roughly to the same ratio R/l that led to the
shape resonances of the linear efficiency of Fig. 4(a).

With s-polarized illumination, the behavior of the lin-
ear efficiency curve is flat, denoting the absence of well-
defined resonances [Fig. 5(a)]. Interestingly, however, at
the harmonic frequency the light is p polarized, and the
excitation of resonances is clearly visible in the region
23 < 2vR/c < 27 [Fig. 5(b)]. The shape resonances that
are present in the region 8 < 2vR/c < 13 are barely ex-
cited in this case. Another noteworthy fact is that the
second-harmonic efficiency for this case of s-polarized il-
lumination is 2 orders of magnitude below the second-
harmonic efficiency for p-polarized illumination.

The differential scattering cross sections for illumina-
tion with p- and s-polarized light of wavelengths l
5 0.250 mm and l 5 0.570 mm are shown in Figs. 6 and

Fig. 3. Illustration of the three kinds of particle considered in
the calculations: particles with (a) circular geometrical cross
section, (b) elliptical geometrical cross section, and (c) sinusoi-
dally perturbed geometrical cross section.

Fig. 4. Scattering cross section for a cylinder illuminated with
p-polarized light. (a) Fundamental frequency, (b) second-
harmonic frequency. R is the radius of the cylinder.
7, respectively. The chosen wavelengths correspond to
the positions denoted by vertical lines in Figs. 4 and 5.
In the linear calculations a sharp forward-scattering lobe
can be observed in both cases, with a small, fairly isotro-
pic contribution. The forward lobe is much sharper in
the p-polarized case. The two second-harmonic distribu-
tions, however, have radically different shapes. The
curve that corresponds to incident p-polarized light is 4
orders of magnitude greater the other curve and is based
toward backscattering angles. We observe from the fig-
ure that the agreement between the numerical results
and those based on analytical expressions is excellent. It
is also worth pointing out that at the exact forward-
scattering and backscattering angles the second-
harmonic differential scattering cross sections appear to
be zero. As we argue below, the differential scattering
cross section is exactly zero in these directions, which rep-
resents a general result for systems with symmetry about
the x1 axis.

Consider a situation in which both the particle and the
illumination are symmetric about axis x1 . The fact that
there is no harmonic radiation along this axis can be in-
ferred from the form of the nonlinear sources that appear
on the right-hand sides of Eqs. (18) and (19) for the gen-
eration of s-polarized light and on the right hand sides of
Eqs. (20) and (21) for p-polarized light. The correspond-
ing expressions for these nonlinear sources in terms of the
fundamental source functions are given by Eqs. (22) for s
polarization and by Eqs. (23) for p polarization. First it
should be noted that for a symmetrical particle the linear
source functions cs, p

(I) (tuv) and Rs, p
(I) (tuv), as well as the

field inside the particle, must be symmetrical about axis
x1 . Derivatives with respect to x3 and with respect to t
are, thus, antisymmetric. On inspecting Eqs. (22) and
(23) we conclude that all the nonlinear source functions
are antisymmetric. This implies that the total second-
harmonic radiation along x1 should be zero, explaining
the lack of second-harmonic radiation along the optical
axis observed in Figs. 6(b) and 7(b).

It is also of interest to compare the efficiencies pro-
duced by particles with different geometries. In Fig. 8

Fig. 5. Scattering cross section for a cylinder illuminated with
s-polarized light. (a) Fundamental frequency, (b) second-
harmonic frequency. R is the radius of the cylinder.
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we present results for the scattering cross sections of par-
ticles with circular, elliptical, and sinusoidally perturbed
cross sections, illuminated with p-polarized light in the
range l 5 0.24–0.31 mm. In all cases R 5 0.5 mm, and,
with reference to Fig. 3, the particle with elliptical cross
section is characterized by the parameters uR 5 0° and
T 5 0.25 mm. For the sinusoidally perturbed particle,
amplitude h 5 0.05 mm and constant f 5 5, which im-
plies that there are five cycles in the perimeter of the par-
ticle. At the fundamental frequency the particle with cy-
lindrical cross section has more-pronounced oscillations
than the perturbed particles. The perturbations seems
to affect the sharpness, and even the presence, of the
resonant peaks. As could be expected, the resonant be-
havior of the particle with cylindrical geometry is much
more pronounced in the second-harmonic efficiency curve.
For the other particles, the second-harmonic efficiency
curves are rather featureless in this range.

The consequences of orienting the elliptically shaped
particle in different ways are illustrated in Fig. 9. As in
Fig. 8, the wavelength range is 0.24 mm , l , 0.31 mm,
R 5 0.5 mm, and T 5 0.25 mm. In the linear calcula-

Fig. 6. Differential scattering cross sections for a cylinder illu-
minated with p-polarized light of wavelength l 5 0.25 mm. (a)
Fundamental frequency, (b) second-harmonic frequency. The
analytical results are shown with solid curves and the numerical
results are shown with filled circles. The radius of the cylinder
is 0.5 mm.
Fig. 7. Differential scattering cross sections for a cylinder illu-
minated with s-polarized light of wavelength l 5 0.57 mm. (a)
Fundamental frequency, (b) second-harmonic frequency. The
analytical results are shown with solid curves, and the numerical
results are shown with filled circles. The radius of the cylinder
is 0.5 mm.

Fig. 8. Scattering cross sections for particles of different shapes
illuminated with p-polarized light. (a) Fundamental frequency,
(b) second-harmonic frequency. The three kinds of profile de-
picted in Fig. 3 are considered. The parameters are R
5 0.5 mm, T 5 0.5 mm, uR 5 0°, h 5 0.05 mm, and f 5 5.
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tions we can see that by rotating the particle it is possible
to excite some resonance modes that do not coincide with
the modes of the cylindrical particle. The excitation of
these resonances is very clear in the second-harmonic ef-
ficiency, where they are more pronounced.

When the particle size is comparable to or larger than
the wavelength, retardation effects of the incoming field
across the particle can have a significant influence on the
second-harmonic radiation. For example, one can expect
important changes in the harmonic efficiency as the char-
acteristic dimension of the particle is varied. These is-
sues are explored in Fig. 10 for an elliptical particle with
semiaxis R 5 0.1 mm. Semiaxis T takes the values 0.2,
0.6, and 1 mm. The figure shows calculations of the har-
monic cross sections for p-polarized illumination in the
wavelength range l 5 0.63–1.26 mm. Figure 10(a) is for

Fig. 9. Scattering cross sections for particles with elliptical geo-
metrical cross section and different orientations illuminated with
p-polarized light. (a) Fundamental frequency, (b) second-
harmonic frequency. The orientations considered are uR 5 0°,
uR 5 45°, and uR 5 90°. The parameters of the ellipse are R
and T.

Fig. 10. Second-harmonic scattering cross sections for elliptical
particles with different aspect ratios, illuminated with
p-polarized light. Values of R and semiaxis T apply to both fig-
ures.
uR 5 90°, and Fig. 10(b) is for uR 5 0°. We observe from
Fig. 10 that retardation effects seem to be more important
than the geometrical cross section of the particle. In par-
ticular, the maximum of Fig. 10(a) is ;15 times higher
than the maximum of Fig. 10(b).

The second-harmonic differential scattering cross sec-
tions for an ellipse with R 5 0.5 mm and T 5 0.25 mm, il-
luminated with p-polarized light of wavelength l
5 1.0 mm, are presented in Fig. 11. The two parts of
Fig. 11 correspond to orientations with uR 5 0° and uR
5 45°. The strength of the lobes of the second-harmonic
pattern is three times larger for uR 5 0°. As expected,
when the symmetry about the x1 axis is broken, some
second-harmonic radiation is present in the forward-
scattering and backscattering directions.

It is also interesting to explore the consequences of the
plasmon resonance of the particle40,41 for SHG. In Fig.
12 we present results for the scattering cross section of cy-
lindrical and elliptical nanoparticles illuminated with
p-polarized light in the region l 5 0.16–0.63 mm. The
characteristic size of the particles is R 5 10 nm. In the
calculations we use bulk dielectric constants and neglect

Fig. 11. Second-harmonic differential scattering cross sections
for elliptical particles with different orientations illuminated
with p-polarized light of wavelength l 5 1.0 mm. The param-
eters of the ellipse are R 5 0.5 mm and T 5 0.25 mm.
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confinement effects on the nonlinear susceptibilities.
Three orientations are considered for a particle with ellip-
tical cross section with T 5 5 nm. At the fundamental
frequency, the particle with circular cross section has a
well-defined resonance centered on (vR/c) ' 0.313,
which corresponds to a wavelength l 5 200.93 nm, for
which R@e(v)# 5 21.16. For the particle with elliptical
cross section the resonance is split, and two modes ap-
pear. When the axes of symmetry of the ellipse lie along
the x1 and x3 directions, only one of these modes is ex-
cited. However, for the ellipse with uR 5 45°, the two
modes are excited. These resonances are reflected in the
second-harmonic cross section. It is worth pointing out,
however, that the most prominent features of the second-
harmonic cross section coincide with small, narrow fea-
tures that are barely visible in the fundamental cross sec-
tion. For the cylinder, this feature appears at (vR/c)

Fig. 12. Scattering cross sections for nanoparticles with circular
and elliptical geometrical cross sections illuminated with
p-polarized light. (a) Fundamental frequency, (b) second-
harmonic frequency. A cylinder of radius R and ellipses with
values of R and T are shown. Orientations considered are uR
5 0°, uR 5 45°, and uR 5 90°.

Fig. 13. Scattering cross sections for nanoparticles with circular
and sinusoidally perturbed geometrical cross sections illumi-
nated with p-polarized light. (a) Fundamental frequency, (b)
second-harmonic frequency. A cylinder of radius R (solid curves)
and a sinusoidally perturbed particle with h 5 1 nm (filled
squares) are considered.
' 0.322, which corresponds to a wavelength l

5 195.29 nm, at which R@e(v)# 5 21.04. The two
sharp modes on the second-harmonic efficiency that cor-
respond to the particle with elliptical cross section are
symmetrically located about the sharp resonance of the
cylindrical particle.

Even small perturbations of the shapes of these two-
dimensional nanoparticles have a profound effect on the
particles’ second-harmonic efficiency, as we illustrate in
Fig. 13, where we compare the results for the cross sec-
tion associated with a circular particle with those for a
circular particle with a sinusoidal perturbation. The
characteristic size of the particles is R 5 10 nm, and the
amplitude of the perturbation is only h 5 1 nm. We can
see that, at the fundamental frequency, whereas only one
broad mode is excited in the cylindrical particle, two
broad modes are visibly excited in the perturbed particle.
The sharp features that are barely visible in the funda-
mental cross section have an important effect in the sec-
ond harmonic cross section. In particular, we see that
the largest resonance of the perturbed particle is 2 orders
of magnitude higher than the resonances that correspond
to the other particles. This condition could have impor-
tant consequences in the design of nonlinear materials
with nanoparticles.

6. SUMMARY AND CONCLUSIONS
We have described a numerical technique that is capable
of dealing with second-harmonic generation in the inter-
action of light with arbitrary-shaped two-dimensional
particles. Apart from the restrictions of the invariance of
the particles along the x2 axis and the assumption of illu-
mination perpendicular to this direction, the analysis is
fairly general. It is based on the most general expression
for nonlinear polarization for a centrosymmetric medium.

The expressions derived show that, on the one hand,
one can produce p-polarized second-harmonic radiation
by exciting the system with p- or s-polarized light. On
the other hand, s-polarized second-harmonic radiation
can be produced only by illumination of the cylinder with
a combination of s and p polarized waves.

The theoretical results have been illustrated by ex-
amples for which the nonlinear susceptibilities were
evaluated with a free-electron model. The method yields
results that, for cylinders, are consistent with the results
of analytical work. With p-polarized illumination, the
scattering efficiency displays peaks that correspond to
morphology-dependent resonances at the fundamental
and harmonic frequencies. With s polarization, the lin-
ear response of the system is rather featureless, but some
resonances appear in the second-harmonic radiation,
which is p polarized.

An interesting general result is that, for particles that
are symmetric about the illumination direction, there is
no second-harmonic radiation along the forward-
scattering and backscattering directions. We have also
found that small perturbations in the profile of nanopar-
ticles can have an important effect on the efficiency of
second-harmonic generation.
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